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FINITE ELEMENT APPROXIMATION
TO A CONTACT PROBLEM
IN LINEAR THERMOELASTICITY

M. I. M. COPETTI

ABSTRACT. A finite element approximation to the solution of a one-dimen-
sional linear thermoelastic problem with unilateral contact of the Signorini
type and heat flux is proposed. An error bound is derived and some numerical
experiments are performed.

1. INTRODUCTION

We shall consider the numerical approximation of the following one-dimensional
evolution problem with unilateral contact of the Signorini type:

(1.1a) D*0 = 0, + a(Du), zel, t>0,
(1.1b) D%y = aD0 zel, t>0,
(1.1c) 0(z,0) = p(x) x €1,
(1.1d) 0(0,t) =04 t>0,
(1.1e) — DO(1,t) = kO(1,1) t>0,
(1.1f) u(0,t) =0 t>0,
(1.1g) u(1,t) < g, Du(l,t) < ad(1,t) t>0,
(1.1h) (Du(1,t) —af(1,6))(u(l,t) —g) =0 ¢ >0,

where 0(z,t) and u(z,t) are the temperature and the displacement (parallel to the
x-axis) of a homogeneous elastic body AB. The interval I = (0,1) is the reference
configuration of the body at the reference temperature ©, = 0. The coupling
constant a is usually small and is given in terms of physical parameters.

Here, D def %, and g > 0 is a constant representing the gap between the end
B (z = 1) and an obstacle at temperature § = 0. At the end A (z = 0), the
body has a constant temperature 64 and it is clamped. The right end x = 1 is
free to expand or contract and the body may be in contact with the obstacle or
not. However, the position of the right edge at ¢ > 0 is not known a priori and
the displacement cannot be more than g. A heat flux between the body and the
obstacle is allowed with a constant heat transfer coefficient £ > 0. The process is

Received by the editor May 7, 1997 and, in revised form, January 6, 1998.
1991 Mathematics Subject Classification. Primary 65N30, 656N15.

Key words and phrases. Thermoelasticity, finite element method.

This work was partially supported by CNPq (grant 300766/92).

©1999 American Mathematical Society

1013



1014 M. I. M. COPETTI

assumed to be slow and the acceleration term, present in the equations of linear
thermoelasticity, has been omitted in (1.1b) leading to a quasi-static problem ([2]).
We refer to Carlson ([3]) and Day ([6]) for physical background and mathematical
modelling. Existence results to this problem were obtained by Andrews et al. in [1]
using a heat transfer coefficient which may depend on the contact pressure and the
distance of the right edge from the obstacle. Some numerical experiments using a
finite difference scheme were performed by Shi et al. in [11].

Existence, uniqueness and regularity results to the solution of the contact prob-
lem with the temperature of the body being constant at both ends have been
established by Copetti and Elliott in [4], Gilbert et al. in [9] and Shi and Shillor
in [10]. In [4] Copetti and Elliott have also proposed and analysed a finite element
approximation. The quasi-static problem with the body clamped at the boundary
was studied by Day in [6]. The static case with unilateral Signorini boundary con-
dition together with heat flux was investigated by Duvaut in [7] and an existence
result to the full dynamic problem was obtained by Elliott and Qi in [8].

In this paper, we shall follow the work of Copetti and Elliott ([4]).

Following the idea introduced by Shi and Shillor in [10] we shall reformulate the
problem into a decoupled form. Let us assume that the problem (1.1a)—(1.1h) has
a classical solution. Integrating (1.1b) from z to 1 we obtain

(1.2)  Du(l,t) — Du(z,t) = a (5(1, t) — é(x,t)) L 0<z<1,t>0,
and another integration with respect to z, from 0 to z, together with (1.1f) yields

" -
(1.3)  zDu(l,t) — u(z,t) = a/ (e(u) - e(g,t)) e 0<z<1, £>0,

0
and, in particular, _
1 ~ ~
w(1,t) = Du(1, 1) — a/ (601,6) ~ (1) do.
0

From (1.1h) we have

.(u(l,t) — a/01 é(w,t)dx) (u(1,t) —g) =0

and the condition Du(1,¢) < af(1,t) implies

1
u(l,t) < (L/ 0(z, t)d.
0

Therefore

(1.4) u(1,t) = min {a/ol é(x,t)d_a:,g}

and
Du(1,t) = min {a/ol é(x,t)dx,g} + a/ol (9(1,t) — é(m,t)) dx
1
(1.5) = —max {a/o 0(z,t)ds — g,O} +af(1,1t).
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Using this result in equation (1.2) gives

(1.6) Du(z,t) = —max {a/o1 0(z,t)dx — g,O} + af(x,t).

Differentiating this equation with respect to ¢ we obtain
- d 1
(Du)e(z, t) = aby(z,t) — 7 ax {a/ O(x,t)dx — g,O}
0

and equation (1.1a) may be written as

2\7 25, 24 s g

(14 a%)0, = D0 + a*— max O(z,t)de — =,0 .
dt 0 a

Recalling (1.3) and (1.5) we find that the displacement is given by

1 T
u(z,t) = —armax {/ O(x,t)dx — g,o} —|—a/ 0(¢,t)de.
0 0

The following existence and uniqueness result was obtained by Andrews et al.
in [1}:

Theorem 1.1. Given p(z) € H'(I) with p(0) = 04 and k € C*(R), k >0, there
ezists a unique 0 € H> () satisfying

(1+a?)0, = D?0 + a® 4 max {fol O(x, t)dx — %,0} , a.e. in Qp,

é(x,O) = p(x), xel,
0(0,t) =04, 0<t<T,
—DO(1,t) = kO(1,¢t), a.e. in (0,7,

where Qr = I x (0,T), provided 0 < a < 1.

Remark 1.2. In the work of Andrews et al., in [1}, 04 = 1 and the heat transfer
coefficient k(-) is a function of g — u(1,t) + 5(¢), where 5(¢) = Du(1,t) — af(1,1).

Remark 1.3. It would be natural to consider the general case where the temperature
at x = 0 is time dependent and may be different from the value of the initial
temperature at * = 0. This was done by Copetti and Elliott in [4] when the
temperature of the body is constant at both ends.

Letting 0(z,t) = 0(z,t) + 04(z — 1) we obtain the contact problem with homo-
geneous boundary condition at x = 0 for the temperature

(1.7a) (14 a0, — D?*0 = a%[m, zel, t>0,
(1.7b) y(t) := (1,0(t)) —r, t>0,
(1.7¢) 0(z,0) = 0p(z) = p(z) + 04(x — 1), zel,
(1.7d) — DO(1,t) = kO(1,t) — 0.4, S t>0,
(1.7€) 0(0,t) = 0, t>0,

where (-, -) is the L2-inner product, [y(¢)]s := max{7(¢),0} and r = £ — 4. Note

that 5(t) = —a[y(t)]+.
Throughout this paper, we denote the norms of L2(I) and H*(I) by | - || and
| - |5, respectively. The semi-norm || Dv|| is indicated by |v|;.
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2. THE FINITE ELEMENT APPROXIMATION OF {6, ~}

Integrating (1.7a) against test functions x in HL(I) = {v € H(I)|v(0) = 0}
and using the boundary conditions we obtain

(21)  (1+a®)(0s x) + (DO, Dx) + kO(1,8)x(1) = Oax(1) + a2i[7]+(1, X)-

dt
Let 0 =29 <21 < ...<zs =1 be an equidistant partition of the interval (0, 1)
into subintervals I; = (zj_1,%;), j = 1,...,s, of length h = 1 and denote by S},

the finite element space
Sp = {x € C°() : x|z, € P1, x(0) =0},

where P; is the space of linear functions.
The discrete Galerkin method for (1.7a)—(1.7e) is to find @™ € S& and T™,
n=1,...,N, such that Vy € Sk

(1+a%) (57— x) + (D6", Dy + ke ()x()

(2:2a) =04x(1) + a® <[_Fi]f_jA_[t1m;l_]i,X> ’
(22b) | (1’@”’) -

with ©° the L?-projection of 6 and I = v(0) and where At = 4. This choice of
©Y turns out to be convenient for the error analysis.
Given ©"~! we iterate to find O™ :

(1+a®)(8F,x) + At(DO}, Dx) + AtkO} (1)x(1)
(2:3) = (1+a*)(0" !, x) + Atfax(1) +a*([T71]+ — T4, X),
where I'? ; = (1,07 4) — 1.
Theorem 2.1. There exists a unique sequence {O™}_, solving (2.2a) and (2.2b).

Proof. Writing
S
@? = Z CZ;HXi,
i=1

where {x;}{_; is the piecewise linear basis for S}, and taking x = x;, 7 =1,...,s,
in (2.3) results in

(L+a%) Y ci(xasxs) + At Y efi(Dxas Dxs) + Atk Y e ixa(1)x; (1)

=1 i=1 =1
= (1+a%) > s xg) + Athax; (1) + a*([TFy]o — T, )
=1

Hence, given ©7_;, we have to solve the system

(14 a®)M + AtK + AtkB) ¢ = (1 + a®)Mc" " + At0ad + a’e,
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where
Mi; = (xi»x5), Kij = (Dxi, Dx;),
G ={c}, T ={g"
Bij =0 27] 7é S, Bss = 17
{d}i =01 #s, {d}s =1,
h

{e}i = (MLaly — D"k i # s, {efs = (TLi)v — [T 14)5

Since k >0, (1 + a?)M + AtK + AtkB is invertible and the above system has a
unique solution ¢j'.
Defining F : S& — S% such that, for © € S}, F(©) satisfies, for any x € Sk,

(14 a®)(F(O),x) + At(DF(0), Dx) + AtkF(0)(1)x(1)
(2.4) = (1+a*) (0", x) + Athax (1) + a*([L(O)]+ — T 4, x),

where I'(©) = (1,0) — r, it follows that F is well defined and (2.2a) and (2.2b) has
a unique solution if F has a unique fixed point.
Let us take ©, n € S&. By (2.4), Vx € Sk,

(1+a®)(F(©) = F(n),x) + At(D(F(©) = F(n)), Dx)

+ALk (F(©)(1) = F(n)(1)) x(1) = a*([T(9)]4 — L ()4 x)-
Choosing x = F(©) — F(n), we obtain
(L+a®)|F(©) = Fm)I? + At F(©) — F(n)l§ + Atk[F(©)(1) — F(n) (1))

a?||[C(®)]+ — [P+l | F(©)~ F(n)
a?|© =l |F(©) — F(n)|

IAINA

IA

Clo a2 + L7 @) - F)l?
2o - ulP + S1F©) - )

Using k£ > 0 results in

1+ 2 17 ©) = Fml? < Lo - )2
(145 ) 17©) - F@IP < S0 - nl®

Therefore,
I7(0) - Fl < o110~ nl?
W= 97 gz K
and F is a contraction on S. Thus, the sequence {©7} defined by (2.3) converges
to the unique solution of (2.2a) and (2.2b) for any choice of ©F. d

Next, we derive an error bound for the approximation (2.2a) and (2.2b). We will
use the projection PP : HL — S& defined by

(2.5) (DPhv, Dx) = (Dv,Dx) Vx € Sh.
By [5] we have
(2.6a) Pho(z;) = v(x;) i =0,1,... s,

(2.6b) |lv — Pho|| + h||Dv — DPEv|| < Ch2||v]|z.
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Theorem 2.2. Let {0(t),y(t)} be the solution of (1.7a)—(1.7e) and {©™,T"} be
the solution of (2.2a) and (2.2b). Then

At§ :||e" to)|I? < C(6,T)(h* + (At)?)
and, as a consequence,
h2
no_ < 1/2
0"~ )1 < C0.7) ( ps7a + (A02).

2
|F" _'Y(tn)’ < C(G,T) (E—A% + (At)l/Q) ’

with C' a constant independent of h and At and t, = nAt.

Proof. Observe that we need only derive the first estimate. Let 6™ = (t,,) and
™ = v(t,). Integrating equation (2.1) from 0 to ¢, and summing (2.2a) from 1 to
n, we obtain Vx € S%

tn

(L4 a0, x) — (14 a%) (60, X) + (D", Dx) + kx(1) ( e(u)dt)

/0

(2.7) = tafax(1) + a*("]+ = b(0)]+)(1,X),

(1+ a2)(0",x) — (1 +a2)(0°, ) + <AtZD®’ DX> +Ath(1)zn: 0i(1)

=1
(2.8) = tnfax(1) +a® (") = 1) (1, ),
where " = ] ' §(s)ds. Thus, using (2.5), we have Vx € SP,

(1+a*)(0" — 0", x) — (D (Psé” - AtZ@i) ,Dx>

=1

(2.9) +hx(1 <At26z 6" ( > a® ([T = "]+ x)-

Let us define

g = Atzj:@i—Pgéj, j=1,...,n,
e = 0, -
7 = ALt t:jl 0(s)ds, j=1,...,n.
It follows that ‘
L -l

and by (2.9), Vx € Sk

en — é.'n—l

(1+a?) (T’X) + (De™, D) + kx(1) (Ati ei(1) —énu)) =T +1Dy,
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where
I = (14 a?)(0" — PEE",X)
and
I = a®(["]4 = )4 %)-
Thus
n—1

o [E" —€
(1+a )(7At

and (2.6a) implies that

,x) +(De", D)+ k(1) (1) + PEA*(1) ~ 64(1)) = I, +

n _ ~n—1
(2.10) (1 + a?) (% X) + (De™, Dx) + kx(1)e*(1) = I + L.

By applying the Cauchy-Schwarz inequality, we have
I = (14d*)(0"-0"+0"-Pre",x)

= (1+d? (Ait / ’ (s — tn—1)0:(s)ds + Ait/ ' 0(s) — Pgﬁ(s))ds,x>

tnAl tnAl
< (1 +a®)xllAn—,

where

3 it n 3
Ap_1 = Ait (((A;) /t"1 ||9t(s)||2ds> + <At /t"_1 | 6(s) — P}%G(S)H?ds) ) ,

and

=

I a?|x[lle" — 6"

a®|x[lle" — Pgo" + Pgo" — 6|
em — gn—l
Ancsa?lod + ol | £

VAR VAN

IN

gn—egn”! .

Taking x = =3, in (2.10) results in

1+a?
(At)?

e — €M7 4+ o (De™, D(E™ — ") 4 s (€M (1) = ™ (1) (1)

2

a n n—112 C n n—1
< — — — — Ap_q.
< agale = e = A
Therefore,

1
(At)?

n n— 1 n n— n n— )
le” —e 1IIQ+E(I€ ="l e H)
k k

+oap (M) =)+ 55 (M) = (7))

" — e P oA,

1
< _
= (A2
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and
N En |ed — @12 + = En le? — 712 4 1 le™|?
(At)? At —~ TEAT 1

g} ef1>V+§#qu

k:
02 0

Since k > 0, €* = 0 and (2.6b) holds, the regularity result given by Theorem 1.1
and the definition of A;_; yields

—112
+ |E-n,|'% + k(g"(]_))2 < C(G,T)(h4 + (At)z)

Noting that
©" — 0(t,) = O" — PLE" + PRO" — 6(t,,)
the result follows. O

3. THE FINITE ELEMENT APPROXIMATION OF u

A natural approximation to
T 2
(3.1) w(z,ty) = —azx[y(tn)]+ + @ 0(§,tn)d£ +aba (:t - %)

is given by U™ € K" where K" = {v € C%I) :v|y, € P1,v(0) =0, v(1) < g},
defined by

2
(3.2) U™(z;) = —ax;[I" +-|-a/ O"(x)dx + ab, (a:]—%]—>, j=1,...,s,

satisfying the following error bound.
Theorem 3.1. Suppose that u(t,) is given by (3.1). Then
e t0) = U] £ CO.T) gy + (802)).
Proof. Observe that
ajota) = U"(e) = oy (T = B0 +a [ 07(0) - 0" (@)

and so

(A2

u(zj, tn) = U™ (2;)] a|[T")y = ")+ + a0 — ©7

<
< 2ql6" - O"|.

The result is now a consequence of the error bound for the approximation of the
temperature. O
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4. THE STEADY-STATE
The stationary problem in (1.1a)~(1.1h) is to find {f(z), @(z)} such that

D20 =0, rel,
D24 = aD@, zel,
é(O) = 0A7

—Dé(1) = k0(1),

@(0) =0,

a(1) < g, Da(1) < af(1),
(Da(1) - af(1))(@(1) — g) = 0.

We can see that {4,a} given by

(4.1) O(@) = 04+ (6(1) = 0.a)z,
(4.22) i(w) = adaz + 5 (0(1) — Oa)a® i S(0(1) +604) <9,
(4.2b) W(x) = (64 aba)z + = (é( )—0)a? if g(é(l) +04)> g,
where 6 = Dii(1) — af(1), is the solution to this problem, and

o) = ;24

(1) = min {g(é(l) +04), g} .

Hence, for fixed a, k and g, there is contact or not depending on 6,. Taking
04 > 0, it follows that 0 < 9(1) < 0,4 and therefore, at the steady-state, contact
will not be observed for g > afla. If g < 564 there will be contact with the obstacle.

When k = 0 we have (1) = 64 and @(1) = min{af4,g}. In the limit case,
k — 400, we find that

0(z) — 04(1 — ),
6(1) — 0,

—Dé(l) - 9,4,

@(1) — min{$04,g},
6 — min{g — 64,0},

with no temperature difference between the end B and the obstacle.

5. NUMERICAL EXPERIMENTS

In our numerical simulations we took At = h?, @ = 0.017 and g = 0.1; the value
for a was taken from the work by Gilbert et al., in [9]. As an initial guess to ©™
we choose ©"~! and the iterative process (2.3) was stopped when the dlfference
between successive iterates was less than or equal to 1.0 x 10=7. We let h = 101,

p(x) = 04 cos 2z and O was the interpolant of §p. Numerical integration, namely
the trapezoidal rule, was used to compute M with the resulting matrix M being di-
agonal with diagonal elements M;; = h, i # s, Mgs = % Note that the temperature

6 is shown in the pictures.
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T T T T T L T
10 t=4
sk =0.2 ]
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3
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2L 1=0.02 4
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{=0.002
-10 - @ t=0 -
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temperature

temperature

temperature

FiGURE 1. The evolution in time of the temperature from the
initial condition when 84 = 10 for (a) k=0, (b) k=1, (¢) k=10
and (d) k = 100.
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displacement

displacement

displacement

displacement

FIGURE 2. The evolution in time of the displacement when 64 =
10 for (a) k=0, (b) k=1, (c) k =10 and (d) & = 100.
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To investigate the convergence to the steady-state solution and the contact condi-
tion we performed four experiments. The numerical results are presented in Figures
1 and 2 where the temperature and the displacement are shown for ¢t = 0,0.002,
0.02, 0.2 and 4. The graphs did not change after the final state shown and the
computations were stopped.

We fixed 64 = 10 and took increasing values of the heat transfer coefficient k,
k=0, 1, 10 and 100. Contact is observed when £ = 0 and k = 1 and for £ = 100,
6(1) is very small.

In all simulations, the numerical results are in agreement with the theoretical
results given above.
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